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I. BACKGROUND
Our observational knowledge of the small-scale density fluctuations in the ionized interstellar medium ͑ISM͒ is primarily due to interstellar scintillations ͑see the reviews by Rickett 1 and Narayan 2 ͒. These observations show two qualitatively important features of density fluctuation spectra: they obey power laws and are anisotropic. However, some delicate observational and theoretical issues complicate precise quantitative results on the power-law exponent͑s͒ and the degree of anisotropy. If we write the power spectrum in the form
where kϭ͉k͉ is the magnitude of the wave number and C N is a positive constant, a large number of observations report that the exponent ␣ is approximately equal to 11/3 over many decades in k. [3] [4] [5] [6] [7] Equivalently, if the power spectrum is expressed as a one-dimensional ͑1D͒ form in k-space, the exponent is given by ␤ϭ␣Ϫ2Ϸ5/3 which is identical to that predicted by Kolmogorov's well-known inertial range spectrum for turbulent fluids. 8 Although this is suggestive, 3, 9 it is far from obvious why Kolmogorov's spectral law for an incompressible and isotropic neutral fluid should apply at all to the interstellar medium ͑ISM͒ which is a compressible ionized medium permeated by a large-scale and directed magnetic field.
A definitive theoretical interpretation of the observed spectra in the ISM is difficult for at least two reasons. First, the exponent ␣ ͑or ␤͒ depends sensitively on the mechanism that produces the turbulence and needs to be determined with a high level of precision in order to discriminate between different theoretical models. A number of observations show that ␣͑␤͒ is less than 4͑2͒, but this is not precise enough to discriminate between different theoretical models. Second, the claim that the power-law should be attributed to an inertial range spectrum carries with it not only the challenge of establishing the power law over several decades in k, but also the identification of an outer wave number k out where energy is injected and an inner wave number k in above which energy is dissipated. The realization of both of these objectives simultaneously by independent measurements is difficult. There has been a general tendency among observers to settle for the Kolmogorov exponent ␤ϭ5/3.
10-14 However, a significant number of observations show definite deviations from Kolmogorov scaling. 13, [15] [16] [17] [18] We mention here a few examples. From observations of a scatter-broadened image of Cygnus X-3, Wilkinson et al. 13 17 report that ␤Ϸ1.93Ϯ0.03. The error bars in these observations are sufficiently small that they raise serious questions regarding the universal validity of a Kolmogorov scaling for ISM turbulence. In fact, these examples suggest that ␤ lies in the range between 1.9 and 2. Lambert and Rickett 18 have shown recently that many features of diffractive measurements can be accounted for by a nonturbulent ␤ϭ2 model with abrupt ͑or discontinuous͒ changes in the density profile of the ISM, 19 but due to the presence of several discrepant features in the data they rule out both the ␤ ϭ2 model as well as the Kolmogorov model as universal models for ISM fluctuations. They, therefore, suggest the development of different spectral models for different lines of sight.
As mentioned above, there is significant observational evidence to suggest that the interstellar scintillation spectrum is anisotropic. If the density irregularities were isotropic, the blurring pattern or ''seeing disk'' of a source viewed through the turbulence would be round and symmetric. It is actually observed that the blurring pattern is elongated. 6, 13, 14, 20 The observed elongation of the scattering disk is attributed to anisotropy caused by the background interstellar magnetic field which causes the density irregularities to have a cigarlike structure, with long spatial scales parallel and short spatial scales perpendicular to the background field. 21 The degree of anisotropy is different for different sources ͑that is, different lines of sight through the ISM͒. Averaging along the line of sight can cause a reduction in the measured degree of anisotropy.
There are similarities in the observational picture of lowfrequency turbulence in the solar wind and the ISM. Although the preponderance of in situ observations in the solar wind appear to be consistent with the Kolmogorov theory ͑see Horbury 22 for a recent review͒, non-Kolmogorov power laws for velocity and magnetic field fluctuation spectra have also been observed. Observations from Voyager 1 and 2 spacecrafts between 13 a.u. and 25 a.u. show k Ϫ2 spectra at low frequencies at low heliographic latitudes. 23, 24 A possible explanation of this spectrum is that it is mainly due to the presence of shocks and discontinuities. 25, 26 However, it is also possible that the spectra may have a turbulent origin, with turbulence eventually steepening to produce shocks. As in the ISM, anisotropy is a persistent feature of solar wind turbulence and manifests itself in several in situ observations as having more power perpendicular than parallel to the local magnetic field. 27, 28 Incompressible magnetohydrodynamics ͑MHD͒ has been the standard point of departure for theoretical studies of ISM and solar wind turbulence. Although the applicability of the model to the high-beta and weakly collisional plasmas commonly encountered in the ISM and solar wind is open to serious questions, the predictions of this model must be understood before one can attempt a more complete dynamical theory that includes compressibility and kinetic effects. Since MHD equations reduce to the incompressible Navier-Stokes equation in the limit of zero magnetic field, it is natural to expect that a theory of MHD turbulence will be an extension of the highly successful Kolmogorov theory in hydrodynamics ͑HD͒, but with the effects of magnetic fields included. 8 The Kolmogorov theory uses simple dimensional analysis and predicts the well-known one-dimensional energy spectrum E(k)ϰk Ϫ5/3 where k is the wave number. The theory relies on two fundamental assumptions: turbulence is isotropic and the energy cascade is dominated by interaction between eddies of similar spatial scales. The IroshnikovKraichnan ͑IK͒ theory 29, 30 of incompressible MHD turbulence attempts to build on the successful framework of Kolmogorov, including the effect of a magnetic field. In the IK theory, small-scale fluctuations are envisioned to behave as Alfvén wave packets propagating along local magnetic field lines ͑with or without a uniform background magnetic field͒. The collision between two oppositely propagating wave packets then provides a mechanism for the cascade of energy to short wavelengths. This picture of colliding wave packets seems to be supported by evidence from numerical experiments, 31, 32 as well as in situ observations of the solar wind. [33] [34] [35] [36] While the IK theory elucidates the role of colliding Alfvén wave packets in the generation of the cascade, it retains the assumptions of isotropy and local interactions in k-space implicit in the Kolmogorov theory.
Unlike the energy spectrum in the Kolmogorov theory, the energy spectrum in the IK theory cannot be determined entirely by dimensional analysis because it contains an additional dependence on the macroscopic magnetic field. To determine this dependency, IK argued that three-wave interactions between colliding Alfvén wave packets dominate the energy cascade in the inertial range, assumed to be isotropic. Under these assumptions, the energy spectral index is found to be 3/2, in both 2D and 3D turbulence.
The violation of the assumption of isotropy in the presence of background magnetic field has been recognized by several investigators. [37] [38] [39] [40] [41] [42] [43] [44] The assumption of local interactions has not received the same level of scrutiny, but has also been questioned. 45, 46 The dominance of three-wave interactions in weak turbulence, assumed by IK, has been questioned by arguing that they should be totally absent, 40 but this argument has been refuted. 41, 47, 48 In the strong turbulence regime, it has been proposed that anisotropy develops until a condition of ''critical balance'' is attained whereby the Alfvén time becomes of the same order as the eddy turnover time. 49 Under these conditions, scaling arguments show that the anisotropy becomes scale-dependent and one recovers an anisotropic Kolmogorov spectrum for MHD turbulence.
The considerations described in the previous paragraph for anisotropic MHD turbulence applies when a uniform background magnetic field is assumed to be present. This is not the case considered in the original IK theory. However, local anisotropy relative to the local magnetic field can still exist, and in fact has been observed experimentally in some laboratory experiments. 50 Recently, new methods of quantifying local anisotropy numerically have been introduced, [51] [52] [53] and it has been demonstrated that anisotropy can occur even without a uniform magnetic field, which raises serious questions about the validity of the IK theory. 51, 52 However, there appears to be no consensus yet on the precise scaling of the anisotropic energy spectrum. A 3/2-spectrum has been identified in recent high resolution simulations of 2D MHD turbulence, 54 and even in 3D MHD simulations which exhibit simultaneously the features of ''critical balance'' and ''local anisotropy.'' 51, 52 However, other simulation results appear to support a 5/3-spectrum in 3D 55 as well as in 2D. 56 The following is the layout of this paper. In Sec. II, we review dimensional and heuristic analyses for energy spectra. In Sec. III, we review our recent results on weak turbulence theory. Although the geometry of our model is simple and weak turbulence closure is restrictive, the calculation provides qualitative support for some of the observations on non-Kolmogorov power laws in the ISM and solar wind. In Sec. IV, we present our own simulation results of 2D incompressible MHD turbulence without a uniform background magnetic field. The energy spectrum is found to be globally isotropic, as expected, with a 1D spectral index of 3/2. By measuring the local anisotropy using structure functions, 49, [51] [52] [53] we find that the ratio of Alfvén time scale to the eddy turnover time remains less than unity, which suggests that the ''critical balance'' condition is not attained. We describe such a condition as ''subcritical.'' In Sec. V, we present 2D simulation results for electron magnetohydrodynamics ͑EMHD͒, which is a model for low-frequency turbulence in collisionless plasmas, and contrast these results with those in MHD. We conclude in Sec. VI with a brief summary.
II. DIMENSIONAL AND HEURISTIC ANALYSIS
In the Kolmogorov theory of HD turbulence, 1 it is assumed that large eddies convect small eddies without affecting directly the cascade generation process. In such a picture, large scale flows act like spatially uniform velocity fields that can be eliminated by a Galilean transformation. If the turbulence is also assumed to be isotropic in k-space, the total energy can be expressed as ͐E(k)dk, where E(k) is the turbulent energy spectrum. Furthermore, assuming that the cascade is local in k-space, Kolmogorov asserted that there exists an inertial range such that the energy cascade rate (k) is a constant independent of k that depends only on E(k) and
͑where L is the dimension of length and T is of time͒, dimensional homogeneity of the relation ϳk
, where C K is called the Kolmogorov constant. The Kolmogorov constant has a value of about 1.4-2, 57 based on experimental and simulation data.
In the IK theory of isotropic MHD turbulence, as discussed by Kraichnan, 3 the small wave number components act like a background magnetic field supporting Alfvén wave packets propagating in both directions with the Alfvén speed V A . Such a wave packet can interact with another wave packet only if the two collide, with an interaction time A ϳ(kV A ) Ϫ1 , which is much shorter than the eddy turnover time N ϳ(kv k )
Ϫ1 . The energy cascade time then becomes E ϳ N 2 / A ϳV A /kv k 2 . Thus the energy cascade rate, which is now inversely proportional to V A , is more inhibited in MHD than it is in HD. Kolmogorov's dimensional analysis arguments can be repeated, now with depending on k, E(k) and
can deduce the spectral index of the inertial-range energy spectrum: ␣ϭ(5Ϫ␥)/2, ␤ϭ(3Ϫ␥)/2, ϭ(5Ϫ␥)/(3Ϫ␥).
Note that the Kolmogorov spectrum ϭ5/3 for HD is obtained as a special case if we set ␥ϭ0 which means that the large scale magnetic field has no effect on the energy cascade. On the other hand, the IK spectrum ϭ3/2 is recovered for ␥ϭϪ1 which reflects the role of the large scale magnetic field in reducing the energy cascade. ͑A similar discussion based on phenomenology can be found in Ref. 58 .͒ The reason we cannot fix by dimensional analysis alone can be traced to the fact that we can construct a dimensionless parameter ␦ϵk
out of the three quantities k, E(k) and V A . Therefore, the energy cascade can take the form k
␦ n for any value of n, where nϭ0 corresponds to the Kolmogorov spectrum and nϭ1 the IK spectrum.
Note that in the inertial range, one can expect ␦ to be a small parameter since v k ӶV A for large k.
To find for MHD, we must determine ␥. In the IK theory, two wave packets propagating in opposite direction collide for a typical time scale k ϳ(kV A ) Ϫ1 and produce a third wave with typical velocity amplitude
where ϵkv k k ϭv k /V A ϭ␦Ӷ1 in the large k limit of the inertial range. Then we can keep only the first order term in , which is due to three-wave interactions. The energy cascade rate can then be estimated by the relation
, so that ␥ϭϪ1 and thus ϭ3/2, which yields the IK spectrum
. The constant C IK is thought to be less universal than C K , but appears to lie in a similar range ͑about 1.8-2.2͒. 57, 59 The original IK theory was developed for the case without a uniform background magnetic field B 0 , which renders the energy spectrum E(k ʈ ,k Ќ ) globally anisotropic. ͑Here k ʈ and k Ќ are the parallel and perpendicular component of the wave vector k with respect to B 0 .) Dimensional analysis cannot then provide a definite scaling because it cannot discriminate between the two length scales perpendicular (k Ќ Ϫ1 ) and parallel (k ʈ Ϫ1 ). We must then estimate the spectral index by invoking additional physical arguments. Now, the collision time scale between wave packets of scale k is k ϳ1/k ʈ V A . The change in amplitude in one collision can still be estimated by Eq. ͑1͒, with a redefined parameter ϵk Ќ v kЌ /k ʈ V A , assuming of course that the contribution from shear-Alfvén waves is dominant ͑so that v kЌ ϳv k ). [45] [46] [47] 60 As three-wave interactions dominate for weak turbulence, the IK analysis can be repeated by keeping only the first term on the right-hand side of Eq. ͑1͒, which yields
45,60
Since the energy cascade develops more rapidly in a direction perpendicular to B 0 than parallel, it is reasonable to expect that k Ќ grows faster than k ʈ , and thus should increase. In the strong turbulence theory proposed by Goldreich and Sridhar, 49 it is proposed that the process continues until ϳ1, which is called the ''critical balance'' condition. The energy cascade rate can then be estimated as
where the energy spectrum E(k Ќ ) is obtained by integrating
. By this energy spectrum and ϳ1, one obtains the relation
where LϳV A 3 / is the macroscopic scale of the system. Equation ͑3͒ implies that the anisotropy depends on scale.
III. WEAK TURBULENCE WITH UNIFORM B 0
For the case with a uniform B 0 , since the amplitude of the turbulent field can be made arbitrarily small independent of the magnitude of B 0 , it is possible to satisfy the inequality k Ќ v kЌ /k ʈ V A Ӷ1 for all k in the inertial range. In the weak turbulence limit, there is no energy cascade in the parallel direction in the weak turbulence limit ͑see also Ref. 61 for a discussion of parallel cascade͒, and k ʈ can be regarded as a parameter. In this limit, three-wave interactions, represented in Eq. ͑1͒ by the linear term in , dominates. Direct simulation and analysis of a single collision between Alfvén wave packets has been carried out, 41 based on the reduced MHD ͑RMHD͒ equations:
where the magnetic field is given by Bϭẑϩٌ Ќ Aϫẑ with A as the magnetic flux function, the flow velocity is given by vϭٌ Ќ ϫẑ with as the stream function, and ͓,A͔ ϵ y A x Ϫ x A y . The parallel vorticity and parallel current density are then given, respectively, by the equations ⍀ ϭϪٌ Ќ 2 and JϭϪٌ Ќ 2 A. Note that we have normalized the background uniform magnetic field in the ẑ direction to have unit magnitude, and the density has been chosen so that the Alfvén speed V A ϭ1. Note also that of all ideal MHD waves, the RMHD equations essentially retain only the shear-Alfvén wave since v k ϭv kЌ by definition.
In Ref. 41 , analytic expressions are obtained for threewave and four-wave interactions in a collision between two Alfvén wave packets. It is found that in the weak turbulence limit, the former is much larger than the latter, provided that the k z ϭ0 component is nonzero, which is generally true. It is also found that the three-wave interactions do not cascade energy in the direction of k z . Therefore, as energy cascades down in the k Ќ direction, we can expect the condition k Ќ ӷk z to be realized. Thus the energy spectrum becomes increasingly anisotropic and tends to increase. However, if the turbulence energy is sufficiently weak, and the dissipation is sufficiently large, we may still obtain Ӷ1 in the whole inertial range so that the weak turbulence assumption is justified.
Based on the analytic expression of three-wave interactions, one can calculate the change in a wave packet for multiple weak random collisions as a function of wave number. 45, 46 As shown in Fig. 1 , the energy spectrum tends to E(k Ќ )ϰk Ќ Ϫ2 , i.e., with a spectral index of 2, the same as expected by scaling estimate based on the linear term in of Eq. ͑1͒.
A rigorous weak turbulence theory for 3D incompressible MHD has been developed by Galtier et al. 47 They derive the kinetic equations for the spectral densities of energy and helicity in the presence of a strong and uniform magnetic field B 0 . In the limit of zero cross correlation between the velocity and the magnetic field, the exact stationary power law solution of the kinetic equation reduces to a k Ќ Ϫ2 energy spectrum, consistent with the results discussed above. This demonstrates that the k Ќ Ϫ2 energy spectrum, obtained from RMHD equations in Ref. 46 , is not an artifact of the RMHD approximation.
IV. MHD TURBULENCE FOR B 0 Ä0
In the absence of a uniform background magnetic field B 0 , it is more difficult to realize the condition for the validity of weak turbulence theory. We explore below if the ideas underlying the strong turbulence theory of Goldreich and Sridhar, 49, 60 which was originally developed for B 0 0, can be extended to the case B 0 ϭ0, after the concept of local anisotropy is introduced. [51] [52] [53] This concept suggests that the turbulence is anisotropic with respect to the ''local'' magnetic field B 0 , rather than B 0 .
If we apply the concept of local anisotropy and assume that the critical balance condition ϳ1 continues to hold, Eqs. ͑2͒ and ͑3͒ apply, but now the wave number components k ʈ and k Ќ should be determined relative to the unit vector B 0 parallel to B 0 , which can depend on space, time, and even on k itself ͑scale-dependence͒. Note that since energy cascade is mainly perpendicular to B 0 , one would expect that k ʈ /k Ќ →0 ͑or, k "B 0 →0, k Ќ →k) as k→ϱ. Despite the local anisotropy, the energy spectrum is still globally isotropic with the form
. To see the local anisotropy, it is not enough to just look at the energy spectrum in Fourier space. Local anisotropy can be investigated by looking at the second-order structure function, 51 ,52
where U represents a field quantity ͑magnetic field or velocity field͒, the angle bracket indicates average over all x space, and Zϵ͉r"B 0 ͉ and Rϵ͉rϫB 0 ͉ are, respectively, the parallel and perpendicular displacements relative to B 0 . The relation between R and Z can be found by using the identity FIG. 1. 1D energy spectra for different levels of resolution after a series of random collisions. A vertical separation has been added in between each pair of curves for clarity.
F 2 U (0,Z)ϭF 2 U (R,0) which specifies the relation between the intercepts for a fixed F 2 U . By identifying Zϳ1/k ʈ , R ϳ1/k Ќ , Eq. ͑3͒ has been roughly verified in simulations of 3D MHD turbulence, i.e., it has been found that ZϰR 2/3 . 51, 52 Since F 2 U can also represent v k 2 , the critical balance condition ϳ1 can also be checked by computing
using only the shear-Alfvén wave part as U. 52 While there is a fair level of consensus regarding the realizability of the critical balance condition in numerical simulations, results on the spectral index have been much more divided, with 3/2 in one case, 52 and 5/3 in another. 51 The reason for these differences could be numerical, since in these 3D simulations, the maximum resolution is limited to 256 3 , which may not be quite enough to distinguish the small difference between 3/2 and 5/3 in the measurement of the spectral index. Corrections due to intermittency may also play a role. 52 We now present our own simulation results on local anisotropy. We choose to work with 2D incompressible MHD, since the IK theory was originally meant to apply for both 2D and 3D cases and 2D allow us the benefit of high resolution ͑maximum 2048
2 ). Our numerical scheme is based on the pseudospectral method ͑2/3 dealiased͒ on a unit box with periodic boundary condition. The 2D incompressible MHD equations are
where ⍀ϭϪٌ 2 , JϭϪٌ 2 A, ͓,A͔ϵ y A x Ϫ x A y , with magnetic field and velocity given by BϭٌAϫẑ, vϭٌ ϫẑ. Here and are the resistivity and viscosity, with values chosen such that there is a clear dissipation range in the energy spectrum and that the code runs accurately with negligible numerical error. Equation ͑6͒ is solved ͑advancing in time by a predictor-corrector method͒ for the decaying turbulence problem, corresponding to an initial condition with unit magnetic and kinetic energy, distributed randomly among Fourier modes peaking around wave number k 0 , chosen to lie in between the largest and smallest scales so that the effect of the inverse cascade does not pile up energy in the largest scale and there remains a resolvable inertial range. 54 The accuracy of the code is checked by following some ideal invariants, such as energy, helicity and cross helicity and checking that they change with time according to wellknown analytical rates derived from Eqs. ͑6͒ and ͑7͒. Figure  2 shows twelve energy spectra ͑multiplied by k 3/2 , adjusted to the same level for easy comparison͒, for time t ϭ0.35-1.36 after the spectrum settles to a quasisteady state following an initial growth phase, for a run with 2048 2 resolution and k 0 ϭ20, ϭϭ2ϫ10 Ϫ5 . We see that the energy spectrum of the inertial range (kϳ50-300) is not inconsistent with the IK spectrum. Other runs with different value of k 0 , or with lower resolutions show similar results. , over plotted with E B (k) ͑dotted͒, E V (k) ͑dashed͒, ͑e͒ relations between k R ϵ/R and k Z ϵ/Z ͑solid͒, with k Z ϰk R 2/3 ͑dotted͒, k Z ϰk R ͑dotted-dashed͒, ͑f͒ average as a function of k R calculated for UϭB and v ͑solid͒, and for Uϭr"B and r"v ͑dashed͒, at t ϭ0.798 for the same run as Fig. 2 .
The magnetic and kinetic components are also plotted in the same figure.
Relations between R and Z, after calculating second order structure functions according to Eq. ͑4͒, averaging the results for UϭB, and v, are plotted in Fig. 3͑e͒ . Here k Z ϵ/Z, k R ϵ/R. For reference, the dotted line shows the relation k Z ϰk R 2/3 , while the dotted-dashed line shows a linear relation. We see that there is good agreement with the k Z ϰk R 2/3 over the inertial range although the index may not be exactly 2/3.
It is more complicated to evaluate the values of . If we use UϭB, or v in Eq. ͑5͒, we obtain ϭk Ќ v k /k ʈ V A , instead of ϭk Ќ v kЌ /k ʈ V A . This is because in 2D MHD, there are no shear-Alfvén waves, and thus we do not have v kЌ ϳv k as in the 3D case. In fact, if k Ќ ӷk ʈ , we obtain v kЌ Ӷv kʈ ϳv k since k"vϳk Ќ v kЌ ϩk ʈ v kʈ ϭ0. The average value of for U ϭB and v is plotted in Fig. 3͑f͒ as the solid curve and is of the order of unity over the inertial range. However, to obtain the true values of ϭk Ќ v kЌ /k ʈ V A , we apply Eq. ͑5͒ using Uϭr"B and r"v. The average value is plotted in Fig. 3͑f͒ as the dashed curve, with the level less than unity. We note that the critical balance condition is not attained by about a factor of two. Also, is not strictly a constant over the inertial range. Similar results are also found at other times and in other runs.
Thus, because of the inequality v kЌ Ӷv kʈ ϳv k , the estimate for can change from critical (ϭk
Although the change is just about a factor of 2 or 3 ͑perhaps due to limited resolution͒, this can make a significant difference in the scaling of the energy spectrum. By combining ϭk Ќ v kЌ /k ʈ V A and k Ќ v kЌ ϳk ʈ v kʈ , we obtain ϭk ʈ v kʈ /k ʈ V A ϭv kʈ /V A ϳv k /V A Ӷ1, which is qualitatively consistent with the original estimate in isotropic IK theory. This suggests that the energy spectrum should be the IK spectrum E(k)
, which appears to be realized in 3D when the critical balance condition is attained. 49, 55 Note that the reasoning we give above for 2D turbulence does not necessarily apply to 3D turbulence, since for shear-Alfvén waves, the relation k Ќ v kЌ ϳk ʈ v kʈ is not valid and we have instead v kЌ ϳv k .
Although the spectral index found in the simulations appears to be closer to 3/2 than 5/3, this is numerically not definitive enough to separate the two theories since the difference between these two values is only about 10%. Another possible way to distinguish the two theories is by looking at the scaling of the energy cascade rate itself, since the IK rate ϳk 3 E k 2 V A Ϫ1 is smaller than the Kolmogorov rate ϳk 
V A
Ϫ1 . The energy cascade rate is straightforward for decaying turbulence, and given by
since the energy passing through a k value is just the rate of change of energy with wave numbers smaller than k minus the dissipation, which should be small in most of the inertial range. Figure 4 shows the plots of ͑solid͒, the Kolmogorov rate k 
E k
3/2 , we obtain a C K increasing with the size of inertial range. However, if we fit it to k 3 E k 2 V A Ϫ1 , C IK seems to remain approximately the same. In short, it seems reasonable to conclude that the IK rate fits the data better than the Kolmogorov rate.
Based on the numerical evidence, we conclude, with some caution, that the energy spectrum of 2D MHD turbulence is indeed consistent with a locally anisotropic IK spectrum, and that this turbulence is subcritical in that it does not attain the critical balance condition.
V. ELECTRON MHD
We now turn to electron MHD equations which model the physics of a plasma on spatial scales shorter than the ion inertial length, and time scales shorter than the ion cyclotron period. Our focus is once again on critical balance and local anisotropy in 2D, which, in dimensionless form, is described by the following set of equations: k Ϫ2 independent of d e , which disagrees with our numerical findings. The reason why IK-type arguments fail for kd e Ͼ1 can be traced to the fact that is not small, as assumed. Figure 6͑a͒ shows for the case considered in Fig.  5͑a͒ . We see that is clearly larger than unity over the inertial range, which is because W ϳd e 2 /B 0 for all k in this range. However, for kd e Ͻ1, seems less than unity in the inertial range as shown in the curves below the dashed line in Fig. 6͑b͒ . By using the Kolmogorov spectrum derived from Eq. ͑11͒, we obtain ϳ k
/B 0 and so ϰk 2/3 for kd e Ͼ1 and ϰk Ϫ2/3 for kd e Ͻ1, which is consistent with the results in Fig. 6 .
The reason why IK-type arguments fail for kd e Ͻ1 warrants more investigation. The above discussion assumes that the energy spectrum is isotropic, which is obviously so globally, but whether there is local anisotropy is unclear. Using the structure function defined in Eq. ͑4͒, we find that the turbulence is isotropic locally for kd e Ͼ1, but there is local anisotropy for kd e Ͻ1, see Fig. 7 . Note that the scale dependence of the local anisotropy for kd e Ͻ1, which is more like k Z ϰk R 3/4 , is somewhat weaker than in MHD where k Z ϰk R 2/3 . So, for this case, if we take into account the local anisotropy, will increase by a factor of k/k ʈ , which by the results in Fig. 7͑b͒ is a factor of k 1/4 at most. The curves for corrected with this factor are also plotted in Fig. 6͑b͒ , above the dashed line. This makes at about the level of unity within the inertial range. Therefore, we see that the local magnetic field does make the spectrum locally anisotropic, and may explain why IK-type arguments fail.
There is however, another reason, absent in MHD, supporting the Kolmogorov-type spectrum. Unlike an Alfvén wave packet which is an exact solution of the nonlinear MHD equations, a whistler wave packet moving in one direction does interact nonlinearly with itself since it is not an exact solution of the nonlinear EMHD equations. In MHD, we can realize weak turbulence if we apply a strong enough uniform B 0 , since the Alfvén time scale A ϳ1/k ʈ B 0 can be made as small as possible. Since the whistler time scale W ϳ1/k ʈ kB 0 is also inversely proportional to B 0 , we can make ϭ W / N as small as possible with a large B 0 to satisfy the weak turbulence condition Ӷ1. However, in the weak turbulence limit, the true energy cascade time due to random collision between wave packets becomes N 2 / W ϳ N / ӷ N . So, if the self-interaction time scale NS is of the same order of N , which is the interaction time scale between colliding wave packets, then the energy cascade may be dominated by the self-interaction of whistler wave packets, which can give a Kolmogorov-type energy spectrum.
Therefore, the question is how large NS is, compared with N . It has been shown in k-space that the selfinteraction is smaller because two waves with the same k and propagating in the same direction actually do not interact, while they do if propagating in opposite directions. 65 We can also see this by using the kinetic equation approach for weak turbulence, 66 which shows that self-interaction is absent in local interaction ͑in k-space͒ between waves propagating in the same direction. However, there appear to be no quantitative results about how much larger NS really is. To obtain a more quantitative estimate, we use our 2D EMHD code to simulate wave packet interactions. We compare results between two runs both of which have two localized wave packets initially, but they propagate in different directions in one of the runs, and in the same direction in the other. Figure 8 shows We see that they increase at about the same rate, with the self-interacting case slightly slower, meaning NS is actually of the same order as N . Similar runs, performed for 2D MHD, confirm that k ⍀ 2 , k J 2 do not change for the run with waves propagating in the same direction, but shows a large increase when the two wave packets collide with each other. So we see that the existent of self-interaction with NS ϳ N may help explain why IK-type weak turbulence arguments do not work well for the kd e Ͻ1 case in 2D EMHD, in contrast to 2D MHD.
VI. CONCLUSION
In this paper, we have discussed the effects of anisotropy in MHD and EMHD turbulence. We apply the concept of local anisotropy to the case without a uniform magnetic field when the turbulence is globally isotropic. For the 2D case, we confirm that there is indeed local anisotropy, which is also scale-dependent with an approximate scaling k Z ϰk R 2/3 , similar to the results of 3D critical balance theory. 49, 51, 52, 60 However, the turbulence is found to be slightly sub-critical, which probably is due to the fact that there is no shear Alfvén wave in the 2D system. The 1D energy spectral spectrum is found to be more consistent with k Ϫ3/2 , as predicted by the IK theory of weak turbulence. However, in 2D EMHD turbulence without a mean magnetic field, it is found that the energy spectrum is more consistent with prediction from Kolmogorov-type, rather than IK-type arguments. The reason for this can be attributed partly to local anisotropy ͑in the kd e Ͻ1 case͒ as well as the self-interaction of whistler wave packets. We have not discussed here EMHD turbulence in the presence of a mean magnetic field, which requires separate treatment. A weak turbulence theory for EMHD in the presence of a mean magnetic field has been recently discussed in Ref. 66 . Strong EMHD turbulence in the presence of a mean magnetic field will be the subject of a future investigation. .
